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Abstract
In this paper, we study the cohomology theory of Hom-Lie triple systems gen-
eralizing the Yamaguti cohomology theory of Lie triple systems. We introduce the
central extension theory for Hom-Lie triple systems and show that there is a one-
to-one correspondence between equivalent classes of central extensions of Hom-Lie
triple systems and the third cohomology group. We develop the 1-parameter formal
deformation theory of Hom-Lie triple systems, and prove that it is governed by the
cohomology group.
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1 Introduction
AHom-Lie algebra is a vector space endowed with a skew symmetric bracket satisfying
a Jacobi identity twisted by a map. Before Hom-Lie algebras appeared, Hu studied q-Lie
algebras, which are special Hom-Lie algebras [11]. Lie algebras are special cases of Hom-
Lie algebras when the twisted map is the identity map. The notion of Hom-Lie algebras
was introduced by Hartwig, Larsson and Silvestrov to describe the q-deformation of the
Witt and the Virasoro algebras [9]. Since then, Hom-type algebras have been investigated
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by many authors [1–4, 13, 15–18, 20]. In particular, the notion of Hom-Lie triple systems was
introduced by Yau [21].
A deformation is a tool to study a mathematical object by deforming it into a family of
the same kind of objects depending on a certain parameter. The deformation theory was
introduced by Gerstenhaber for rings and algebras [5–8], and by Kubo and Taniguchi for
Lie triple systems [12]. They studied 1-parameter formal deformations and established the
connection between the cohomology groups and infinitesimal deformations: the suitable
cohomology groups for the deformation theory of associative algebras and Lie triple sys-
tems are the Hochschild cohomology [10] and the Yamaguti cohomology [19], respectively.
The purpose of this paper is to consider the cohomology theory and the 1-parameter
formal deformation theory of Hom-Lie triple systems based on some work in [12, 17, 19].
The paper is organized as follows. Section 2 is devoted to the cohomology theory of
multiplicative Hom-Lie triple systems. Section 3 concerns central extensions. It is proved
that there is a one-to-one correspondence between equivalent classes of central extensions
of a Hom-Lie triple system and the third cohomology group with coefficients in the trivial
representation. Section 4 is dedicated to the 1-parameter formal deformation theory of
multiplicative Hom-Lie triple systems. We show that the cohomology group defined in
Section 2 is suitable for this 1-parameter formal deformation theory.
Throughout this paper F denotes an arbitrary field.
2 The cohomology of Hom-Lie triple systems
We start by recalling the definitions of Lie triple systems and Hom-Lie triple systems.
Definition 2.1. [14] A vector space T together with a trilinear map (x, y, z) 7→ [xyz] is
called a Lie triple system (LTS) if
(1) [xxz] = 0,
(2) [xyz] + [yzx] + [zxy] = 0,
(3) [uv[xyz]] = [[uvx]yz] + [x[uvy]z] + [xy[uvz]],
for all x, y, z, u, v ∈ T .
Definition 2.2. [21] A Hom-Lie triple system (Hom-LTS) (T, [·, ·, ·], α = (α1, α2)) consists
of an F-vector space T , a trilinear map [·, ·, ·] : T×T×T → T , and linear maps αi : T → T
for i = 1, 2, called twisted maps, such that for all x, y, z, u, v ∈ T ,
(1) [xxz] = 0,
(2) [xyz] + [yzx] + [zxy] = 0,
(3) [α1(u)α2(v)[xyz]] = [[uvx]α1(y)α2(z)] + [α1(x)[uvy]α2(z)] + [α1(x)α2(y)[uvz]].
2
A Hom-LTS is said to be multiplicative if α1 = α2 = α and α([xyz]) = [α(x)α(y)α(z)],
and denoted by (T, [·, ·, ·], α).
A morphism f : (T, [·, ·, ·], α = (α1, α2)) → (T
′, [·, ·, ·]′, α′ = (α′1, α
′
2)) of Hom-LTSs is
a linear map satisfying f([xyz]) = [f(x)f(y)f(z)]′ and f ◦ αi = α
′
i ◦ f for i = 1, 2. An
isomorphism is a bijective morphism.
Remark 2.3. When the twisted maps αi are both equal to the identity map, a Hom-LTS
is a LTS. So LTSs are special examples of Hom-LTSs.
Example 2.4. [21]
(i) Let V be a vector space over F, 〈, 〉 : V × V → F be a symmetric bilinear form, and
λ ∈ F be an arbitrary scalar. Suppose that α : V → V is a linear map such that
〈x, y〉 = 〈α(x), α(y)〉, for all x, y ∈ V . Define the triple product on V by
[xyz]α = λ(〈y, z〉α(x)− 〈z, x〉α(y)).
Then (V, [·, ·, ·]α, α) is a multiplicative Hom-LTS.
(ii) Let V = Fm×n be the vector space of m × n matrices with entries in F and A∗
denote the transpose of the matrix A. Suppose α : V → V is a linear map such that
α(AB) = α(A)α(B) and α(A∗) = α(A)∗. Then (V, [·, ·, ·]α, α) is a multiplicative
Hom-LTS with
[ABC]α = α(A)α(B
∗)α(C)+α(C)α(B∗)α(A)−α(B)α(A∗)α(C)−α(C)α(A∗)α(B).
Following the representation theory introduced by Sheng for Hom-Lie algebras, and
by Yamaguti for Lie triple systems, we generalize the notion of the representation to
Hom-Lie triple systems.
Definition 2.5. Let (T, [·, ·, ·], α) be a multiplicative Hom-LTS, V an F-vector space and
A ∈ End(V ). V is called a (T, [·, ·, ·], α)-module with respect to A if there exists a bilinear
map θ : T × T → End(V ), (a, b) 7→ θ(a, b) such that for all a, b, c, d ∈ T ,
θ(α(a), α(b)) ◦ A = A ◦ θ(a, b), (2.1)
θ(α(c), α(d))θ(a, b)−θ(α(b), α(d))θ(a, c)−θ(α(a), [bcd])◦A+D(α(b), α(c))θ(a, d)=0, (2.2)
θ(α(c), α(d))D(a, b)−D(α(a), α(b))θ(c, d)+θ([abc], α(d))◦A+θ(α(c), [abd])◦A=0, (2.3)
where D(a, b) = θ(b, a) − θ(a, b). Then θ is called the representation of (T, [·, ·, ·], α) on
V with respect to A. In the case θ = 0, V is called the trivial (T, [·, ·, ·], α)-module with
respect to A.
It can be concluded from (2.3) that
D(α(c), α(d))D(a, b)−D(α(a), α(b))D(c, d)+D([abc], α(d))◦A+D(α(c), [abd])◦A=0. (2.4)
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In particular, let V = T , A = α and θ(x, y)(z) = [zxy]. Then D(x, y)(z) = [xyz] and
(2.1), (2.2), (2.3) hold. In this case T is said to be the adjoint (T, [·, ·, ·], α)-module and θ
is called the adjoint representation of (T, [·, ·, ·], α) on itself with respect to α.
As the case of general algebras, we give the semidirect product of a multiplicative
Hom-LTS and its module.
Proposition 2.6. Let θ be a representation of a multiplicative Hom-LTS (T, [·, ·, ·], α) on
V with respect to A. Then T ⊕ V has a structure as a multiplicative Hom-LTS.
Proof. We define the operation [·, ·, ·]V : (T ⊕ V )× (T ⊕ V )× (T ⊕ V )→ T ⊕ V by
[(x, a), (y, b), (z, c)]V = ([xyz], θ(y, z)(a)− θ(x, z)(b) +D(x, y)(c));
and define the twisted map α+ A : T ⊕ V → T ⊕ V by
(α+ A)(x, a) = (α(x), A(a)).
Using [xxy] = 0, [xyz] + [yzx] + [zxy] = 0 and D(x, y) = θ(y, x)− θ(x, y), we obtain
[(x, a), (x, a), (y, b)]V = (0, 0),
[(x, a), (y, b), (z, c)]V + [(y, b), (z, c)(x, a)]V + [(z, c), (x, a), (y, b)]V = (0, 0).
By (2.2), (2.3) and (2.4), it follows that
[[(x, a), (y, b), (u, c)]V , (α + A)(v, d), (α+ A)(w, e)]V
+ [(α + A)(u, c), [(x, a), (y, b), (v, d)]V , (α+ A)(w, e)]V
+ [(α + A)(u, c), (α+ A)(v, d), [(x, a), (y, b), (w, e)]V ]V
=([[xyu]α(v)α(w)],Ω1) + ([α(u)[xyv]α(w)],Ω2) + ([α(u)α(v)[xyw]],Ω3)
=([α(x)α(y)[uvw]],Ω4)
=[(α + A)(x, a), (α + A)(y, b), [(u, c), (v, d), (w, e)]V ]V ,
where
Ω1 =θ(α(v), α(w))θ(y, u)(a)− θ(α(v), α(w))θ(x, u)(b) + θ(α(v), α(w))D(x, y)(c)
− θ([xyu], α(w))A(d) +D([xyu], α(v))A(e),
Ω2 =− θ(α(u), α(w))θ(y, v)(a) + θ(α(u), α(w))θ(x, v)(b) + θ([xyv], α(w))A(c)
− θ(α(u), α(w))D(x, y)(d) +D(α(u), [xyv])A(e),
Ω3 =D(α(u), α(v))θ(y, w)(a)−D(α(u), α(v))θ(x, w)(b) + θ(α(v), [xyw])A(c)
− θ(α(u), [xyw])A(d) +D(α(u), α(v))D(x, y)(e),
Ω4 =θ(α(y), [uvw])A(a)− θ(α(x), [uvw])A(b) +D(α(x), α(y))θ(v, w)(c)
−D(α(x), α(y))θ(u, w)(d) +D(α(x), α(y))D(u, v)(e).
Note that α + A is a linear map and using (2.1), we have
(α+ A)[(x, a), (y, b), (z, c)]V
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=(α+ A)([xyz], θ(y, z)(a)− θ(x, z)(b) +D(x, y)(c))
=(α([xyz]), A ◦ (θ(y, z)(a)− θ(x, z)(b) +D(x, y)(c)))
=([α(x)α(y)α(z)], θ(α(y), α(z))A(a)− θ(α(x), α(z))A(b) +D(α(x), α(y))A(c))
=[(α(x), A(a)), (α(y), A(b)), (α(z), A(c))]V
=[(α + A)(x, a), (α+ A)(y, b), (α+ A)(z, c)]V .
Thus, (T ⊕ V, [·, ·, ·]V , α + A) is a multiplicative Hom-LTS.
Let θ be a representation of (T, [·, ·, ·], α) on V with respect to A. If an n-linear map
f : T × · · · × T︸ ︷︷ ︸
n times
→ V satisfies
A(f(x1, · · · , xn)) = f(α(x1), · · · , α(xn)), (2.5)
f(x1, · · · , x, x, xn) = 0, (2.6)
f(x1, · · · , xn−3, x, y, z) + f(x1, · · · , xn−3, y, z, x) + f(x1, · · · , xn−3, z, x, y) = 0, (2.7)
then f is called an n-Hom-cochain on T . Denote by Cnα,A(T, V ) the set of all n-Hom-
cochains, ∀n ≥ 1.
Definition 2.7. For n ≥ 1, the coboundary operator δnhom : C
n
α,A(T, V ) → C
n+2
α,A (T, V ) is
defined as follows.
For f ∈ C2n−1α,A (T, V ), n = 1, 2, 3, · · · ,
δ2n−1hom f(x1, · · · , x2n+1)
=θ(αn−1(x2n), α
n−1(x2n+1))f(x1, · · · , x2n−1)
− θ(αn−1(x2n−1), α
n−1(x2n+1))f(x1, · · · , x2n−2, x2n)
+
n∑
k=1
(−1)n+kD(αn−1(x2k−1), α
n−1(x2k))f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n+1)
+
n∑
k=1
2n+1∑
j=2k+1
(−1)n+k+1f(α(x1), · · · , x̂2k−1, x̂2k, · · · , [x2k−1x2kxj], · · · , α(x2n+1));
for f ∈ C2nα,A(T, V ), n = 1, 2, 3, · · · ,
δ2nhomf(y, x1, · · · , x2n+1)
=θ(αn(x2n), α
n(x2n+1))f(y, x1, · · · , x2n−1)
− θ(αn(x2n−1), α
n(x2n+1))f(y, x1, · · · , x2n−2, x2n)
+
n∑
k=1
(−1)n+kD(αn(x2k−1), α
n(x2k))f(y, x1, · · · , x̂2k−1, x̂2k, · · · , x2n+1)
+
n∑
k=1
2n+1∑
j=2k+1
(−1)n+k+1f(α(y), α(x1), · · · , x̂2k−1, x̂2k, · · · , [x2k−1x2kxj ], · · · , α(x2n+1)),
where the sign ˆ indicates that the element below must be omitted.
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It is not difficult to verify that δnhomf satisfies (2.6) and (2.7). We claim that δ
n
homf
satisfies (2.5), so that the coboundary operator δnhom is well-defined. In fact, it is sufficient
to verify
A(δ2n−1hom f(x1, · · · , x2n+1)) = δ
2n−1
hom f(α(x1), · · · , α(x2n+1)).
However, by (2.1) and f being a (2n− 1)-Hom-cochain, we have
δ2n−1hom f(α(x1), · · · , α(x2n+1))
=θ(αn(x2n), α
n(x2n+1))f(α(x1), · · · , α(x2n−1))
− θ(αn(x2n−1), α
n(x2n+1))f(α(x1), · · · , α(x2n−2), α(x2n))
+
n∑
k=1
(−1)n+kD(αn(x2k−1), α
n(x2k))f(α(x1), · · · , ̂α(x2k−1), α̂(x2k), · · · , α(x2n+1))
+
n∑
k=1
2n+1∑
j=2k+1
(−1)n+k+1f(α2(x1), · · · , x̂2k−1, x̂2k, · · · , α([x2k−1x2kxj ]), · · · , α
2(x2n+1))
=θ(αn(x2n), α
n(x2n+1))A(f(x1, · · · , x2n−1))
− θ(αn(x2n−1), α
n(x2n+1))A(f(x1, · · · , x2n−2, x2n))
+
n∑
k=1
(−1)n+kD(αn(x2k−1), α
n(x2k))A(f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n+1))
+
n∑
k=1
2n+1∑
j=2k+1
(−1)n+k+1A(f(α(x1), · · · , x̂2k−1, x̂2k, · · · , [x2k−1x2kxj ], · · · , α(x2n+1)))
=A(θ(αn−1(x2n), α
n−1(x2n+1))f(x1, · · · , x2n−1))
− A(θ(αn−1(x2n−1), α
n−1(x2n+1))f(x1, · · · , x2n−2, x2n))
+ A
(
n∑
k=1
(−1)n+kD(αn−1(x2k−1), α
n−1(x2k))f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n+1)
)
+ A
(
n∑
k=1
2n+1∑
j=2k+1
(−1)n+k+1f(α(x1), · · · , x̂2k−1, x̂2k, · · · , [x2k−1x2kxj ], · · · , α(x2n+1))
)
=A(δ2n−1hom f(x1, · · · , x2n+1)).
Theorem 2.8. The coboundary operator δnhom defined above satisfies δ
n+2
homδ
n
hom = 0.
Proof. Observing the definition of the coboundary operator it follows immediately
that δ2n+1hom δ
2n−1
hom = 0 implies δ
2n+2
hom δ
2n
hom = 0. Then we only need to prove δ
2n+1
hom δ
2n−1
hom = 0
for n = 1, 2, · · · .
Suppose that f ∈ C2n−1α,A (T, V ), ∀n ≥ 1. Write δ
2n−1
hom and δ
2n+1
hom δ
2n−1
hom as
δ2n−1hom = δ
2n−1
1 + δ
2n−1
2 + δ
2n−1
3 and δ
2n+1
hom δ
2n−1
hom =
3∑
i,j=1
δ2n+1i δ
2n−1
j ,
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where
δ2n−11 f(x1, · · · , x2n+1) =θ(α
n−1(x2n), α
n−1(x2n+1))f(x1, · · · , x2n−1)
− θ(αn−1(x2n−1), α
n−1(x2n+1))f(x1, · · · , x2n−2, x2n),
δ2n−12 f(x1, · · · , x2n+1)
=
n∑
k=1
(−1)n+kD(αn−1(x2k−1), α
n−1(x2k))f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n+1),
δ2n−13 f(x1, · · · , x2n+1)
=
n∑
k=1
2n+1∑
j=2k+1
(−1)n+k+1f(α(x1), · · · , x̂2k−1, x̂2k, · · · , [x2k−1x2kxj ], · · · , α(x2n+1)).
Let us compute first δ2n+11 δ
2n−1
hom + (δ
2n+1
2 + δ
2n+1
3 )δ
2n−1
1 , and this is given by
(δ2n+11 δ
2n−1
hom + (δ
2n+1
2 + δ
2n+1
3 )δ
2n−1
1 )f(x1, · · · , x2n+3)
=θ(αn(x2n+2), α
n(x2n+3))δ
2n−1
hom f(x1, · · · , x2n+1)
− θ(αn(x2n+1), α
n(x2n+3))δ
2n−1
hom f(x1, · · · , x2n, x2n+2)
+
n+1∑
k=1
(−1)n+k+1D(αn(x2k−1), α
n(x2k))δ
2n−1
1 f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n+3)
+
n+1∑
k=1
2n+3∑
j=2k+1
(−1)n+kδ2n−11 f(α(x1), · · · , x̂2k−1, x̂2k, · · · , [x2k−1x2kxj ], · · · , α(x2n+3))
=θ(αn(x2n+2), α
n(x2n+3))
·
(
θ(αn−1(x2n), α
n−1(x2n+1))f(x1, · · · , x2n−1) (a1)
−θ(αn−1(x2n−1), α
n−1(x2n+1))f(x1, · · · , x2n−2, x2n) (a2)
+
n∑
k=1
(−1)n+kD(αn−1(x2k−1), α
n−1(x2k))f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n+1) (b1)
+
n∑
k=1
2n+1∑
j=2k+1
(−1)n+k+1f(α(x1), · · · , x̂2k−1, x̂2k, · · · , [x2k−1x2kxj ], · · · , α(x2n+1))
)
(c1)
− θ(αn(x2n+1), α
n(x2n+3))
·
(
θ(αn−1(x2n), α
n−1(x2n+2))f(x1, · · · , x2n−1) (a3)
−θ(αn−1(x2n−1), α
n−1(x2n+2))f(x1, · · · , x2n−2, x2n) (a4)
+
n∑
k=1
(−1)n+kD(αn−1(x2k−1), α
n−1(x2k))f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n, x2n+2) (b2)
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+n∑
k=1
2n,2n+2∑
j=2k+1
(−1)n+k+1f(α(x1),· · ·, x̂2k−1, x̂2k,· · ·, [x2k−1x2kxj ],· · ·, α(x2n), α(x2n+2))
)
(d1)
+
n∑
k=1
(−1)n+k+1D(αn(x2k−1), α
n(x2k))
·
(
θ(αn−1(x2n+2), α
n−1(x2n+3))f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n+1) (b3)
−θ(αn−1(x2n+1), α
n−1(x2n+3))f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n, x2n+2)
)
(b4)
+D(αn(x2n+1), α
n(x2n+2))
(
θ(αn−1(x2n), α
n−1(x2n+3))f(x1, · · · , x2n−1) (a5)
−θ(αn−1(x2n−1), α
n−1(x2n+3))f(x1, · · · , x2n−2, x2n)
)
(a6)
+
n∑
k=1
2n+1∑
j=2k+1
(−1)n+kθ(αn(x2n+2), α
n(x2n+3))f(α(x1), · · · , x̂2k−1, x̂2k, · · · , [x2k−1x2kxj ],
· · · , α(x2n+1)) (c2)
+
n∑
k=1
(−1)n+kθ(αn−1[x2k−1x2kx2n+2], α
n(x2n+3))f(α(x1), · · · , x̂2k−1, x̂2k, · · · , α(x2n+1))
(b5)
+
n∑
k=1
(−1)n+kθ(αn(x2n+2), α
n−1[x2k−1x2kx2n+3])f(α(x1), · · · , x̂2k−1, x̂2k, · · · , α(x2n+1))
(b6)
− θ(αn(x2n), α
n−1[x2n+1x2n+2x2n+3])f(α(x1), · · · , α(x2n−1)) (a7)
−
n∑
k=1
2n,2n+2∑
j=2k+1
(−1)n+kθ(αn(x2n+1), α
n(x2n+3))f(α(x1), · · · , x̂2k−1, x̂2k, · · · , [x2k−1x2kxj ],
· · · , α(x2n), α(x2n+2)) (d2)
−
n∑
k=1
(−1)n+kθ(αn−1[x2k−1x2kx2n+1], α
n(x2n+3))f(α(x1),· · ·, x̂2k−1, x̂2k,· · ·, α(x2n), α(x2n+2))
(b7)
−
n∑
k=1
(−1)n+kθ(αn(x2n+1), α
n−1[x2k−1x2kx2n+3])f(α(x1),· · ·, x̂2k−1, x̂2k,· · ·, α(x2n), α(x2n+2))
(b8)
+ θ(αn(x2n−1), α
n−1[x2n+1x2n+2x2n+3])f(α(x1), · · · , α(x2n−2), α(x2n)). (a8)
By (2.2) and (2.5), we have (a1)+· · ·+(a8)=0; by (2.3) and (2.5), we conclude
(b1)+· · ·+(b8)=0; it is obvious that (c1)+(c2)=(d1)+(d2)=0. Thus,
δ2n+11 δ
2n−1
hom + (δ
2n+1
2 + δ
2n+1
3 )δ
2n−1
1 = 0.
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On the other hand,
(δ2n+12 + δ
2n+1
3 )(δ
2n−1
2 + δ
2n−1
3 )f(x1, · · · , x2n+3)
=
n+1∑
k=1
(−1)n+k+1D(αn(x2k−1), α
n(x2k))(δ
2n−1
2 + δ
2n−1
3 )f(x1, · · · , x̂2k−1, x̂2k, · · · , x2n+3)
+
n+1∑
k=1
2n+3∑
j=2k+1
(−1)n+k(δ2n−12 + δ
2n−1
3 )f(α(x1),· · ·,x̂2k−1, x̂2k,· · ·,[x2k−1x2kxj ],· · ·,α(x2n+3))
=−
∑
1≤i<k≤n+1
(−1)k+iD(αn(x2k−1), α
n(x2k))D(α
n−1(x2i−1), α
n−1(x2i))f(x1, · · · , x̂2i−1, x̂2i,
· · · , x̂2k−1, x̂2k, · · · , x2n+3) (A1)
+
∑
1≤k<i≤n+1
(−1)k+iD(αn(x2k−1), α
n(x2k))D(α
n−1(x2i−1), α
n−1(x2i))f(x1, · · · , x̂2k−1, x̂2k,
· · · , x̂2i−1, x̂2i, · · · , x2n+3) (A2)
+
∑
1≤i<k≤n+1
2n+3∑
j=2i+1
j 6=2k−1,2k
(−1)k+iD(αn(x2k−1), α
n(x2k))f(α(x1), · · · , x̂2i−1, x̂2i, · · · , x̂2k−1, x̂2k,
· · · , [x2i−1x2ixj ], · · · , α(x2n+3)) (B1)
−
∑
1≤k<i≤n+1
2n+3∑
j=2i+1
(−1)k+iD(αn(x2k−1), α
n(x2k))f(α(x1), · · · , x̂2k−1, x̂2k, · · · , x̂2i−1, x̂2i,
· · · , [x2i−1x2ixj ], · · · , α(x2n+3)) (B2)
+
∑
1≤i<k≤n+1
2n+3∑
j=2k+1
(−1)k+iD(αn(x2i−1), α
n(x2i))f(α(x1), · · · , x̂2i−1, x̂2i, · · · , x̂2k−1, x̂2k,
· · · , [x2k−1x2kxj ], · · · , α(x2n+3)) (B3)
−
∑
1≤k<i≤n+1
2n+3∑
j=2k+1
j 6=2i−1,2i
(−1)k+iD(αn(x2i−1), α
n(x2i))f(α(x1), · · · , x̂2k−1, x̂2k, · · · , x̂2i−1, x̂2i,
· · · , [x2k−1x2kxj ], · · · , α(x2n+3)) (B4)
−
∑
1≤k<i≤n+1
(−1)k+iD(αn−1[x2k−1x2kx2i−1], α
n(x2i))f(α(x1),· · ·, x̂2k−1, x̂2k,· · ·, x̂2i−1, x̂2i,
· · · , α(x2n+3)) (A3)
−
∑
1≤k<i≤n+1
(−1)k+iD(αn(x2i−1), α
n−1[x2k−1x2kx2i])f(α(x1),· · ·, x̂2k−1, x̂2k,· · ·, x̂2i−1, x̂2i,
· · · , α(x2n+3)) (A4)
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+
∑
1≤i<k≤n+1
∑
2i<s<j≤2n+3
s6=2k−1,2k;2k<j
(−1)k+i+1f(α2(x1),· · ·, x̂2i−1, x̂2i,· · ·, x̂2k−1, x̂2k,· · ·, α[x2i−1x2ixs],
· · · , α[x2k−1x2kxj ], · · · , α
2(x2n+3)) (C1)
+
∑
1≤i<k≤n+1
∑
2k<j<s≤2n+3
(−1)k+i+1f(α2(x1),· · ·, x̂2i−1, x̂2i,· · ·, x̂2k−1, x̂2k,· · ·, α[x2k−1x2kxj ],
· · · , α[x2i−1x2ixs], · · · , α
2(x2n+3)) (C2)
−
∑
1≤k<i≤n+1
∑
2i<s<j≤2n+3
(−1)k+i+1f(α2(x1),· · ·, x̂2k−1, x̂2k,· · ·, x̂2i−1, x̂2i,· · ·, α[x2i−1x2ixs],
· · · , α[x2k−1x2kxj ], · · · , α
2(x2n+3)) (C3)
−
∑
1≤k<i≤n+1
∑
2k<j<s≤2n+3
j 6=2i−1,2i;2i<s
(−1)k+i+1f(α2(x1),· · ·, x̂2k−1, x̂2k,· · ·, x̂2i−1, x̂2i,· · ·, α[x2k−1x2kxj ],
· · · , α[x2i−1x2ixs], · · · , α
2(x2n+3)) (C4)
+
∑
1≤i<k≤n+1
2n+3∑
j=2k+1
(−1)k+i+1f(α2(x1), · · · , x̂2i−1, x̂2i, · · · , x̂2k−1, x̂2k,
· · · , [α(x2i−1)α(x2i)[x2k−1x2kxj ]], · · · , α
2(x2n+3)) (D1)
−
∑
1≤k<i≤n+1
2n+3∑
j=2i+1
(−1)k+i+1f(α2(x1), · · · , x̂2k−1, x̂2k, · · · , x̂2i−1, x̂2i,
· · · , [α(x2i−1)α(x2i)[x2k−1x2kxj ]], · · · , α
2(x2n+3)) (D2)
−
∑
1≤k<i≤n+1
2n+3∑
s=2i+1
(−1)k+i+1f(α2(x1), · · · , x̂2k−1, x̂2k, · · · , x̂2i−1, x̂2i,
· · · , [[x2k−1x2kx2i−1]α(x2i)α(xs)], · · · , α
2(x2n+3)) (D3)
−
∑
1≤k<i≤n+1
2n+3∑
s=2i+1
(−1)k+i+1f(α2(x1), · · · , x̂2k−1, x̂2k, · · · , x̂2i−1, x̂2i,
· · · , [α(x2i−1)[x2k−1x2kx2i]α(xs)], · · · , α
2(x2n+3)) (D4)
=0,
since it is straightforward to verify that the sum of terms labeled with the same let-
ter vanishes(e.g. (A1) + · · · + (A4)=0). Therefore, δ2n+1hom δ
2n−1
hom = 0, and the proof is
completed.
The map f ∈ Cnα,A(T, V ) is called an n-Hom-cocycle if δ
n
homf = 0. We denote by
Znα,A(T, V ) the subspace spanned by n-Hom-cocycles and B
n
α,A(T, V ) = δ
n−2
homC
n−2
α,A (T, V ).
Since δn+2homδ
n
hom = 0, B
n
α,A(T, V ) is a subspace of Z
n
α,A(T, V ). Hence we can define a
cohomology space Hnα,A(T, V ) of (T, [·, ·, ·], α) as the factor space Z
n
α,A(T, V )/B
n
α,A(T, V ).
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Remark 2.9. When (T, [·, ·, ·], α) is a LTS, that is, α = idT , the cohomology theory for
Hom-LTSs above is actually the cohomology theory for LTSs in [19].
3 Central extensions of Hom-Lie triple systems
Suppose that (T, [·, ·, ·], α) is a multiplicative Hom-LTS, and V is a trivial (T, [·, ·, ·], α)-
module with respect to αV . Obviously, (V, 0, αV ) is an abelian multiplicative Hom-LTS
with the trivial product. A multiplicative Hom-LTS (TC , [·, ·, ·]C, αC) is called a central
extension of (T, [·, ·, ·], α) by (V, 0, αV ) if there is a diagram with exact rows of Hom-LTSs
0 // V
ι //
αV

TC
pi //
αC

T //
α

s
jj 0
0 // V
ι // TC
pi // T //
s
jj 0
such that αC ◦ ι = ι ◦ αV and α ◦ pi = pi ◦ αC , where s is a linear map satisfying pis = idT
and αC ◦ s = s ◦ α, and ι(V ) is contained in Z(TC) = {x ∈ TC | [x, TC , TC ]C = 0}, the
center of TC . If (T
′
C , [·, ·, ·]
′
C, α
′
C) is another central extension of (T, [·, ·, ·], α) by (V, 0, αV )
such that there is an isomorphism ϕ : (T, [·, ·, ·], α)→ (T ′C , [·, ·, ·]
′
C, α
′
C), and the diagram
0 // V
ι //
idV

TC
pi //
ϕ

T //
idT

0
0 // V
ι′ // T ′C
pi′ // T // 0
commutes, then the two central extensions (TC , [·, ·, ·]C, αC) and (T
′
C , [·, ·, ·]
′
C, α
′
C) are said
to be equivalent.
Theorem 3.1. There is a one-to-one correspondence between equivalent classes of central
extensions of (T, [·, ·, ·], α) by (V, 0, αV ) and H
3
α,αV
(T, V ).
Proof. First we will construct a one-to-one correspondence between central exten-
sions of (T, [·, ·, ·], α) by (V, 0, αV ) and Z
3
α,αV
(T, V ).
Suppose that (TC , [·, ·, ·]C, αC) is a central extension of (T, [·, ·, ·], α) by (V, 0, αV ).
Then we have the following diagram
0 // V ι //
αV

TC
pi //
αC

T //
α

s
jj 0
0 // V ι // TC
pi // T //
s
jj 0
with αC ◦ ι = ι ◦ αV , α ◦ pi = pi ◦ αC , and s being a linear map satisfying pis = idT and
αC ◦ s = s ◦ α. We will find an element in Z
3
α,αV
(T, V ).
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For x, y, z ∈ T , since pi[s(x)s(y)s(z)]C − pis[xyz] = [pis(x)pis(y)pis(z)]− [xyz] = 0, it
follows that [s(x)s(y)s(z)]C−s[xyz] ∈ Kerpi = ι(V). Define a trilinear map g : T×T×T →
V by
ιg(x, y, z) = [s(x)s(y)s(z)]C − s[xyz].
Since ι is injective, g is well-defined, and it follows from ι(V ) ⊆ Z(TC) that
[[s(x)s(y)s(z)]C , u, v]C = [s[xyz], u, v]C, ∀u, v ∈ TC .
Note that g satisfies g(x, x, y) = 0, g(x, y, z) + g(y, z, x) + g(z, x, y) = 0 and
ιg(α(x), α(y)α(z)) =[sα(x), sα(y), sα(z)]C − s[α(x)α(y)α(z)]
=[αCs(x), αCs(y), αCs(z)]C − αCs[xyz]
=αC([s(x)s(y)s(z)]C − s[xyz])
=αCιg(x, y, z) = ιαV g(x, y, z).
Hence g ∈ C3α,αV (T, V ). Moreover, g ∈ Z
3
α,αV
(T, V ) since
ι(δ3homg)(x1, x2, x3, x4, x5)
=ι(g([x1x2x3], α(x4), α(x5)) + g(α(x3), [x1x2x4], α(x5)) + g(α(x3), α(x4), [x1x2x5])
− g(α(x1), α(x2), [x3x4x5]))
=[s[x1x2x3], sα(x4), sα(x5)]C − s[[x1x2x3]α(x4)α(x5)]
+ [sα(x3), s[x1x2x4], sα(x5)]C − s[α(x3)[x1x2x4]α(x5)]
+ [sα(x3), sα(x4), s[x1x2x5]]C − s[α(x3)α(x4)[x1x2x5]]
− [sα(x1), sα(x2), s[x3x4x5]]C + s[α(x1)α(x2)[x3x4x5]]
=[[s(x1)s(x2)s(x3)]C , αCs(x4), αCs(x5)]C + [αCs(x3), [s(x1)s(x2)s(x4)]C , αCs(x5)]C
+ [αCs(x3), αCs(x4), [s(x1)s(x2)s(x5)]C ]C − [αCs(x1), αCs(x2), [s(x3)s(x4)s(x5)]C ]C
=0.
Conversely, let g ∈ Z3α,αV (T, V ) and TC = T ⊕ V with
[(x, a), (y, b), (z, c)]C = ([xyz], g(x, y, z)); αC(x, a) = (α(x), αV (a)).
Then αC is linear and
αC [(x, a), (y, b), (z, c)]C = αC([xyz], g(x, y, z)) = (α[xyz], αV g(x, y, z))
=([α(x)α(y)α(z)], g(α(x), α(y), α(z))) = [(α(x), αV (a)), (α(y), αV (b)), (α(z), αV (c))]C
=[αC(x, a), αC(y, b), αC(z, c)]C .
Note that
[αC(x, a), αC(y, b), [(u, c), (v, d), (w, e)]C]C
=[(α(x), αV (a)), (α(y), αV (b)), ([uvw], g(u, v, w))]C
12
=([α(x)α(y)[uvw]], g(α(x), α(y), [uvw]))
=([[xyu]α(v)α(w)], g([xyu], α(v), α(w)))
+ ([α(u)[xyv]α(w)], g(α(u), [xyv], α(w)))
+ ([α(u)α(v)[xyw]], g(α(u), α(v), [xyw]))
=[[(x, a), (y, b), (u, c)]C, αC(v, d), αC(w, e)]C + [αC(u, c), [(x, a), (y, b), (v, d)]C, αC(w, e)]C
+ [αC(u, c), αC(v, d), [(x, a), (y, b), (w, e)]C]C .
Thus, (TC , [·, ·, ·]C, αC) is a multiplicative Hom-LTS.
Define ι : V → TC by ι(a) = (0, a), pi : TC → T by pi(x, a) = x and s : T → TC by
s(x) = (x, 0). Then
αC ◦ ι(a) = αC(0, a) = (0, αV (a)) = ι ◦ αV (a),
pi ◦ αC(x, a) = pi(α(x), αV (a)) = α(x) = α ◦ pi(x, a),
pis = idT , αCs(x) = αC(x, 0) = (α(x), 0) = sα(x).
It is clear ι(V ) ⊆ Z(TC). Therefore, (TC , [·, ·, ·]C, αC) is a central extension of (T, [·, ·, ·], α)
by (V, 0, αV ).
Suppose that (TC , [·, ·, ·]C, αC) and (T
′
C , [·, ·, ·]
′
C, α
′
C) are equivalent central extensions
of (T, [·, ·, ·], α) by (V, 0, αV ). Then we have the following diagram
0 // V
ι //
idV

TC
pi //
ϕ

T //
idT

s
jj 0
0 // V
ι′ // T ′C
pi′ // T //
s′
jj 0
such that ϕ ◦ ι = ι′ and pi = pi′ ◦ ϕ, with ϕ being an isomorphism and pis = pi′s′ = idT .
Let g, g′ be their corresponding 3-Hom-cocycles constructed as above, respectively. Then
ιg(x, y, z) = [s(x)s(y)s(z)]C − s[xyz],
ι′g′(x, y, z) = [s′(x)s′(y)s′(z)]′C − s
′[xyz],
ι′g(x, y, z) = ϕιg(x, y, z) = ϕ[s(x)s(y)s(z)]C − ϕs[xyz].
We claim that g − g′ ∈ B3α,αV (T, V ). In fact, using
pi′s′(x)− pi′ϕs(x) = x− pis(x) = 0,
we define a linear map f : T → V by ι′f(x) = s′(x)− ϕs(x), for all x ∈ T . Then
ι′fα(x) = s′α(x)− ϕsα(x) = α′Cs
′(x)− ϕαCs(x)
= α′Cs
′(x)− α′Cϕs(x) = α
′
Cι
′f(x) = ι′αV f(x),
which implies f ∈ C1α,αV (T, V ). Since s
′(x)− ϕs(x) = ι′f(x) ∈ Z(T ′C),
[s′(x)s′(y)s′(z)]′C = [ϕs(x)ϕs(y)ϕs(z)]
′
C = ϕ[s(x)s(y)s(z)]C .
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Then
ι′(g′ − g)(x, y, z) = −ι′f([xyz]) = ι′(δ1homf)(x, y, z),
so g′ − g = δ1homf ∈ B
3
α,αV
(T, V ).
Suppose g, g′ ∈ Z3α,αV (T, V ) and g
′ − g ∈ B3α,αV (T, V ), i.e., there is f ∈ C
1
α,αV
(T, V )
satisfying g′ − g = δ1homf . Then (g
′ − g)(x, y, z) = −f([xyz]). Let (TC , [·, ·, ·]C, αC) and
(T ′C , [·, ·, ·]
′
C, αC) be two central extensions of (T, [·, ·, ·], α) by (V, 0, αV ) defined as above
with respect to g and g′, respectively. Then ι(a) = ι′(a) = (0, a) and pi(x, a) = pi′(x, a) =
x. Consider a linear map
ϕ : (TC , [·, ·, ·]C, αC) −→ (T
′
C , [·, ·, ·]
′
C, αC)
(x, a) 7−→ (x, a− f(x)).
Then ϕι(a) = ι′(a) and pi′ϕ(x, a) = pi′(x, a − f(x)) = x = pi(x, a). Hence we obtain the
following commutative diagram
0 // V
ι //
idV

TC
pi //
ϕ

T //
idT

0
0 // V
ι′ // TC
pi′ // T // 0.
Now it is sufficient to prove that ϕ is an isomorphism.
If ϕ(x, a) = ϕ(x˜, a˜), it follows that (x, a − f(x)) = (x˜, a˜ − f(x˜)), that is, x = x˜ and
a−f(x) = a˜−f(x˜), then a = a˜, and so ϕ is injective; ϕ is obviously surjective. Note that
ϕαC(x, a) = ϕ(α(x), αV (a)) = (α(x), αV (a)− fα(x)) = (α(x), αV (a)− αV f(x))
= α′C(x, a− f(x)) = α
′
Cϕ(x, a)
and
ϕ[(x, a), (y, b), (z, c)]C = ϕ([xyz], g(x, y, z)) = ([xyz], g(x, y, z)− f([xyz]))
= ([xyz], g′(x, y, z)) = [(x, a− f(x)), (y, b− f(y)), (z, c− f(z))]′C
= [ϕ(x, a), ϕ(y, b), ϕ(z, c)]′C .
Therefore, (TC , [·, ·, ·]C, αC) and (T
′
C , [·, ·, ·]
′
C, α
′
C) are equivalent central extensions of
(T, [·, ·, ·], α) by (V, 0, αV ).
4 1-parameter formal deformations of multiplicative
Hom-Lie triple systems
Let (T, [·, ·, ·], α) be a multiplicative Hom-LTS and F[[t]] be the ring of formal power
series over F. Suppose that T [[t]] is the set of formal power series over T . Then for an
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F-trilinear map f : T ×T ×T → T , it is natural to extend it to be an F[[t]]-trilinear map
f : T [[t]]× T [[t]]× T [[t]]→ T [[t]] by
f
(∑
i≥0
xit
i,
∑
j≥0
yjt
j ,
∑
k≥0
zkt
k
)
=
∑
i,j,k≥0
f(xi, yj, zk)t
i+j+k.
Definition 4.1. Let (T, [·, ·, ·], α) be a multiplicative Hom-LTS over F. A 1-parameter
formal deformation of (T, [·, ·, ·], α) is a formal power series dt : T [[t]]× T [[t]]× T [[t]] →
T [[t]] of the form
dt(x, y, z) =
∑
i≥0
di(x, y, z)t
i = d0(x, y, z) + d1(x, y, z)t+ d2(x, y, z)t
2 + · · · ,
where each di is an F-trilinear map di : T × T × T → T (extended to be F[[t]]-trilinear)
and d0(x, y, z) = [xyz], such that the following identities hold
dt(α(x), α(y), α(z)) = α ◦ dt(x, y, z), (4.8)
dt(x, x, y) = 0, (4.9)
dt(x, y, z) + dt(y, z, x) + dt(z, x, y) = 0, (4.10)
dt(α(u), α(v), dt(x, y, z)) =dt(dt(u, v, x), α(y), α(z))
+dt(α(x), dt(u, v, y), α(z))+dt(α(x), α(y), dt(u, v, z)).
(4.11)
Conditions (4.8)-(4.11) are called the deformation equations of a multiplicative Hom-LTS.
Note that T [[t]] is a module over F[[t]] and dt defines the trilinear multiplication on
T [[t]] such that Tt = (T [[t]], dt, α) is a multiplicative Hom-LTS. Now we investigate the
deformation equations (4.8)-(4.11).
Conditions (4.8)-(4.10) are equivalent to the following equations
di(α(x), α(y), α(z)) = α ◦ di(x, y, z), (4.12)
di(x, x, y) = 0, (4.13)
di(x, y, z) + di(y, z, x) + di(z, x, y) = 0, (4.14)
respectively, for i = 0, 1, 2, · · · . The condition (4.11) can be expressed as∑
i,j≥0
di(α(u), α(v), dj(x, y, z))
=
∑
i,j≥0
di(dj(u, v, x), α(y), α(z))+
∑
i,j≥0
di(α(x), dj(u, v, y)α(z))+
∑
i,j≥0
di(α(x), α(y), dj(u, v, z)).
Then∑
i+j=n
(
di(dj(u, v, x), α(y), α(z)) + di(α(x), dj(u, v, y)α(z))
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+ di(α(x), α(y), dj(u, v, z))− di(α(u), α(v), dj(x, y, z))
)
= 0, ∀n = 0, 1, 2 · · · .
For two F-trilinear maps f, g : T ×T ×T → T (extended to be F[[t]]-trilinear), define
a map f ◦α g : T [[t]]× T [[t]]× T [[t]]× T [[t]]× T [[t]]→ T [[t]] by
f ◦α g(u, v, x, y, z) =f(g(u, v, x), α(y), α(z)) + f(α(x), g(u, v, y), α(z))
+ f(α(x), α(y), g(u, v, z))− f(α(u), α(v), g(x, y, z)).
Then the deformation equation (4.11) can be written as∑
i+j=n
di ◦α dj = 0.
For n = 1, d0 ◦α d1 + d1 ◦α d0 = 0.
For n ≥ 2, −(d0 ◦α dn + dn ◦α d0) = d1 ◦α dn−1 + d2 ◦α dn−2 + · · ·+ dn−1 ◦α d1.
Section 2 says that T is the adjoint (T, [·, ·, ·], α)-module by setting θ(x, y)(z) = [zxy]
and A = α. In this case, by (4.12)-(4.14) it follows that di ∈ C
3
α,α(T, T ). It can also be
verified that di◦αdj ∈ C
5
α,α(T, T ). In general, if f, g ∈ C
3
α,α(T, T ), then f ◦αg ∈ C
5
α,α(T, T ).
Note that the coboundary operator can be written for lower orders as
δ1homf(x1, x2, x3) =[f(x1)x2x3] + [x1f(x2)x3] + [x1x2f(x3)]− f([x1x2x3]),
δ3homf(x1, x2, x3, x4, x5) =[f(x1, x2, x3)α(x4)α(x5)] + [α(x3)f(x1, x2, x4)α(x5)]
+ [α(x3)α(x4)f(x1, x2, x5)]− [α(x1)α(x2)f(x3, x4, x5)]
+ f([x1x2x3], α(x4), α(x5)) + f(α(x3), [x1x2x4], α(x5))
+ f(α(x3), α(x4), [x1x2x5])− f(α(x1), α(x2), [x3x4x5]),
which implies δ3homdn = d0 ◦α dn + dn ◦α d0, for n = 0, 1, 2 · · · . Hence the deformation
equation (4.11) can be rewritten as
δ3homd1 = 0,
−δ3homdn = d1 ◦α dn−1 + d2 ◦α dn−2 + · · ·+ dn−1 ◦α d1.
Then d1 is a 3-Hom-cocycle and called the infinitesimal of dt.
Definition 4.2. Let (T, [·, ·, ·], α) be a multiplicative Hom-LTS. Suppose that dt(x, y, z) =∑
i≥0 di(x, y, z)t
i and d′t(x, y, z) =
∑
i≥0 d
′
i(x, y, z)t
i are two 1-parameter formal deforma-
tions of (T, [·, ·, ·], α). They are called equivalent, denoted by dt ∼ d
′
t, if there is a formal
isomorphism of F[[t]]-modules
φt(x, y, z) =
∑
i≥0
φi(x, y, z)t
i : (T [[t]], dt, α) −→ (T [[t]], d
′
t, α),
where each φi : T → T is an F-linear map (extended to be F[[t]]-linear) and φ0 = idT ,
satisfying
φt ◦ α = α ◦ φt,
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φt ◦ dt(x, y, z) = d
′
t(φt(x), φt(y), φt(z)).
When d1 = d2 = · · · = 0, dt = d0 is said to be the null deformation. A 1-parameter formal
deformation dt is called trivial if dt ∼ d0.
Theorem 4.3. Let dt(x, y, z) =
∑
i≥0 di(x, y, z)t
i and d′t(x, y, z) =
∑
i≥0 d
′
i(x, y, z)t
i be
equivalent 1-parameter formal deformations of (T, [·, ·, ·], α). Then d1 and d
′
1 belong to the
same cohomology class in H3α,α(T, T ).
Proof. Suppose that φt(x, y, z) =
∑
i≥0 φi(x, y, z)t
i is the formal F[[t]]-module iso-
morphism such that φt ◦ α = α ◦ φt and∑
i≥0
φi
(∑
j≥0
dj(x, y, z)t
j
)
ti =
∑
i≥0
d′i
(∑
k≥0
φk(x)t
k,
∑
l≥0
φl(y)t
l,
∑
m≥0
φm(z)t
m
)
ti.
It follows that∑
i+j=n
φi(dj(x, y, z))t
i+j =
∑
i+k+l+m=n
d′i(φk(x), φl(y), φm(z))t
i+k+l+m.
In particular, ∑
i+j=1
φi(dj(x, y, z)) =
∑
i+k+l+m=1
d′i(φk(x), φl(y), φm(z)),
that is,
d1(x, y, z) + φ1([xyz]) = [φ1(x)yz] + [xφ1(y)z] + [xyφ1(z)] + d
′
1(x, y, z).
Then d1 − d
′
1 = δ
1
homφ1 ∈ B
3
α,α(T, T ).
Definition 4.4. A 3-Hom-cocycle d1 ∈ Z
3
α,α(T, T ) is called integrable, if there is a 1-
parameter formal deformation dt of (T, [·, ·, ·], α) such that dt = d0 + d1t + d2t
2 + · · · .
Theorem 4.5. If (T, [·, ·, ·], α) is a multiplicative Hom-LTS with H5α,α(T, T ) = 0, then
every 3-Hom-cocycle d1 ∈ Z
3
α,α(T, T ) is integrable.
Proof. We proceed by induction on the number of items of dt. First let d0 = [·, ·, ·].
Now suppose that we have already had d1, · · · , dn ∈ C
3
α,α(T, T ) satisfying
−δ3homdm = d1 ◦α dm−1 + d2 ◦α dm−2 + · · ·+ dm−1 ◦α d1, ∀m = 1, · · · , n.
Set d˜ = d1 ◦α dn+d2 ◦α dn−1+ · · ·+dn ◦α d1. We claim that d˜ ∈ Z
5
α,α(T, T ), i.e., δ
5
homd˜ = 0.
In fact, for f, g ∈ C3α,α(T, T ) and h ∈ C
5
α,α(T, T ), let
h •α g(x1, · · · , x7)
=
3∑
k=1
7∑
j=2k+1
(−1)k+1h(α(x1), · · · , x̂2k−1, x̂2k, · · · , g(x2k−1x2kxj), · · · , α(x7))
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and
f •α h(x1, · · · , x7)
=
2∑
k=1
3∑
l=k+1
7∑
j=2l+1
(−1)k+lf(α2(x1),· · ·,x̂2k−1,x̂2k,· · ·,x̂2l−1,x̂2l,· · ·,h(x2k−1x2kx2l−1x2lxj),· · ·,α
2(x7)).
Then
δ5hom(f ◦α g)(x1, · · · , x7)
=δ3homf •α g(x1, · · · , x7) + f •α δ
3
homg(x1, · · · , x7)
− α[f(x1, x2, x3)α(x4)g(x5, x6, x7)] + α[g(x1, x2, x3)α(x4)f(x5, x6, x7)]
− α[α(x3)f(x1, x2, x4)g(x5, x6, x7)] + α[α(x3)g(x1, x2, x4)f(x5, x6, x7)]
+ α[f(x1, x2, x5)α(x6)g(x3, x4, x7)]− α[g(x1, x2, x5)α(x6)f(x3, x4, x7)]
+ α[f(x1, x2, x5)g(x3, x4, x6)α(x7)]− α[g(x1, x2, x5)f(x3, x4, x6)α(x7)]
− α[f(x1, x2, x6)α(x5)g(x3, x4, x7)] + α[g(x1, x2, x6)α(x5)f(x3, x4, x7)]
− α[f(x1, x2, x6)g(x3, x4, x5)α(x7)] + α[g(x1, x2, x6)f(x3, x4, x5)α(x7)]
− α[f(x3, x4, x5)α(x6)g(x1, x2, x7)] + α[g(x3, x4, x5)α(x6)f(x1, x2, x7)]
− α[α(x5)f(x3, x4, x6)g(x1, x2, x7)] + α[α(x5)g(x3, x4, x6)f(x1, x2, x7)],
so
δ5homd˜ =
∑
i+j=n+1
δ5hom(di ◦α dj) =
∑
i+j=n+1
(δ3homdi •α dj + di •α δ
3
homdj)
=
∑
i+j+k=n+1
((di ◦α dj) •α dk + di •α (dj ◦α dk)).
Note that
((di ◦α dj) •α dk + di •α (dj ◦α dk))(x1, · · · , x7)
=αdi(dj(x1, x2, x3), α(x4), dk(x5, x6, x7))− αdi(dk(x1, x2, x3), α(x4), dj(x5, x6, x7))
+ αdi(α(x3), dj(x1, x2, x4), dk(x5, x6, x7))− αdi(α(x3), dk(x1, x2, x4), dj(x5, x6, x7))
− αdi(dj(x1, x2, x5), α(x6), dk(x3, x4, x7)) + αdi(dk(x1, x2, x5), α(x6), dj(x3, x4, x7))
− αdi(dj(x1, x2, x5), dk(x3, x4, x6), α(x7)) + αdi(dk(x1, x2, x5), dj(x3, x4, x6), α(x7))
+ αdi(dj(x1, x2, x6), α(x5), dk(x3, x4, x7))− αdi(dk(x1, x2, x6), α(x5), dj(x3, x4, x7))
+ αdi(dj(x1, x2, x6), dk(x3, x4, x5), α(x7))− αdi(dk(x1, x2, x6), dj(x3, x4, x5), α(x7))
+ αdi(dj(x3, x4, x5), α(x6), dk(x1, x2, x7))− αdi(dk(x3, x4, x5), α(x6), dj(x1, x2, x7))
+ αdi(α(x5), dj(x3, x4, x6), dk(x1, x2, x7))− αdi(α(x5), dk(x3, x4, x6), dj(x1, x2, x7)).
Hence δ5homd˜ = 0. Since H
5
α,α(T, T ) = 0, it follows that d˜ ∈ Z
5
α,α(T, T ) = B
5
α,α(T, T ). Then
there exists dn+1 ∈ C
3
α,α(T, T ) such that d˜ = −δ
3
homdn+1. Then we have d0, d1, · · · , dn ∈
C3α,α(T, T ) satisfying
−δ3homdm = d1 ◦α dm−1 + d2 ◦α dm−2 + · · ·+ dm−1 ◦α d1, ∀m = 1, · · · , n+ 1.
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By induction, we could construct a 1-parameter formal deformation dt = d0+d1t+d2t
2+
· · · . Therefore, d1 is integrable.
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